Introduction {#Sec1}
============

The notion of frame dates back to Gabor \[[@CR1]\] (1946) and Duffin and Schaeffer \[[@CR2]\] (1952). Gabor \[[@CR1]\] proposed the idea of decomposing a general signal in terms of elementary signals, and Duffin and Schaeffer \[[@CR2]\] abstracted "these elementary signals" as the notion of frame. However, the frame theory had not attracted much attention until the celebrated work by Daubechies, Crossman, and Meyer \[[@CR3]\] in 1986. So far, the theory of frame has seen great achievements in pure mathematics, science, and engineering (\[[@CR4]--[@CR13]\]). In 2006, Sun \[[@CR14]\] introduced a generalized frame (simply g-frame), which covers all other generalizations of frames, for example, fusion frames \[[@CR15]\], bounded quasiprojectors \[[@CR16]\], and so on. Now, the research of g-frames has obtained many results \[[@CR17]--[@CR19]\]. This paper addresses approximately dual g-frames in Hilbert spaces.
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                \begin{document}$$\biggl\Vert f-\sum_{i\in I}\langle f, f_{i}\rangle h_{i} \biggr\Vert \leq \Vert f \Vert ,\quad \forall f\in{H}. $$\end{document}$$ In 2014, Khosravi et al. \[[@CR21]\] first introduced the notion of approximately dual g-frames, which generalize the usual approximately dual frames. They proved that a pair of operator sequences form approximately dual frames if and only if their induced sequences form a pair of approximately dual g-frames. They also obtained some important properties and applications of approximately dual frames. Later, many results on approximately dual g-frames were obtained (see \[[@CR22], [@CR23]\]).

Motivated by \[[@CR21]\], in this paper, we focus on the characterization and stability of approximately dual g-frames and their connection with dual g-frames. Sect. [2](#Sec2){ref-type="sec"} is an auxiliary one, where we recall some basic notions, properties, and some related results. In Sect. [3](#Sec3){ref-type="sec"}, we establish a characterization of approximately dual g-frames and discuss some properties of approximately dual (dual) g-frames. In Sect. [4](#Sec4){ref-type="sec"}, we give some stability results of approximately dual g-frames, which cover the results obtained by other authors.

Preliminaries {#Sec2}
=============

We begin with some basic notions and results of g-frames. See \[[@CR14], [@CR17], [@CR18]\] for details.
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Definition 2.4 {#FPar4}
--------------

(\[[@CR21]\])

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Lambda_{j}\}_{j\in J}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Gamma_{j}\}_{j\in J}$\end{document}$ be two g-Bessel sequences for *H* w.r.t. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{V_{j}\}_{j\in J}$\end{document}$ with their respective synthesis operators $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\Lambda}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\Gamma}$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Lambda_{j}\}_{j\in J}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Gamma_{j}\} _{j\in J}$\end{document}$ are approximately dual g-frames if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|I_{H}-T_{\Lambda}T^{*}_{\Gamma}\| <1$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|I_{H}-T_{\Gamma}T^{*}_{\Lambda}\|<1$\end{document}$.

Dual and approximately dual g-frames {#Sec3}
====================================

This section focuses on the connection between approximately dual g-frames and dual g-frames and on a characterization of approximately dual g-frames.

Lemma 3.1 {#FPar5}
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Lemma 3.2 {#FPar6}
---------
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The following two theorems give a method to construct new dual g-frames (approximately dual g-frames) from given dual g-fromes.
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Proof {#FPar8}
-----
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Corollary 3.1 {#FPar9}
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Theorem 3.2 {#FPar10}
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-----
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-----
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For Theorem [3.3](#FPar12){ref-type="sec"}, a natural question is whether a g-frame always corresponds to an approximately dual g-frame. The following theorem gives an affirmative answer.
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-----
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From Theorem [3.4](#FPar14){ref-type="sec"} we know that every g-frame has at least an approximately dual g-frame. Next, we characterize all approximately dual g-frames for a given g-frame. For this purpose, we need to establish some lemmas.

Lemma 3.3 {#FPar16}
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Proof {#FPar17}
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From Lemma [3.3](#FPar16){ref-type="sec"} we know that *T* is very important. The following lemma gives an explicit expression of *T* in Lemma [3.3](#FPar16){ref-type="sec"}.

Lemma 3.4 {#FPar18}
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Now, we turn to characterizing all approximately dual g-frames for a given g-frame.
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Perturbations of approximately dual g-frames {#Sec4}
============================================

The stability of frames is of great importance in frame theory, and it is studied widely by a lot of authors (\[[@CR4], [@CR18]\]). In this section, we show that, under some conditions, approximately dual g-frames and g-frames are stable under some perturbations. We first introduce some lemmas.
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Proof {#FPar26}
-----
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From Theorem [4.1](#FPar25){ref-type="sec"} we can obtain immediately the following corollary.

Corollary 4.1 {#FPar27}
-------------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\Lambda_{j}\in L(H, V_{j})$\end{document}$, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Gamma_{j}\}_{j\in J}$\end{document}$ *be a g*-*frame for* *H* *w*.*r*.*t*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{V_{j}\}_{j\in J}$\end{document}$ *with bounds* *A* *and* *B* *and the synthesis operator* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\Gamma}$\end{document}$, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Delta_{j}\}_{j\in J}$\end{document}$ *be the canonical dual for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\Gamma_{j}\}_{j\in J}$\end{document}$ *with the synthesis operator* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T_{\Delta}$\end{document}$. *Suppose that there are constants* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{1}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mu\geq0$\end{document}$, *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0\leq\lambda_{2}<1$\end{document}$ *such that* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Corollary 4.2 {#FPar28}
-------------
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Corollary 4.3 {#FPar29}
-------------
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Proof {#FPar30}
-----
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Remark 4.1 {#FPar31}
----------

Corollary [4.1](#FPar27){ref-type="sec"} and Corollary [4.3](#FPar29){ref-type="sec"} are Proposition 3.10(i) and Theorem 3.1(i) in \[[@CR21]\], respectively. They are particular cases of our Theorem [4.1](#FPar25){ref-type="sec"}.

Theorem 4.2 {#FPar32}
-----------
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Proof {#FPar33}
-----

We can prove the theorem by an argument similar to that of Theorem [4.1](#FPar25){ref-type="sec"}. □

Conclusions {#Sec5}
===========

For a given frame, it is usually not easy to find a dual frame. The notion of approximately dual frames was introduced by Christensen in 2010. It is a generalization of dual frames. In this paper, on one hand, we obtain the link between approximately dual g-frames and dual g-frames and characterize approximately dual g-frames. On the other hand, we give stability results of approximately dual g-frames, which cover the results obtained by other authors.
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